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Fused Lasso Signal Approximator [Tibshirani et al (2005)]
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Fused Lasso Signal Approximator [Tibshirani et al (2005)]

Input Signaly e RV,
Graph G = (V,E),
Parameter(s) A > 0
Node weights p > 0.

Find Minimizer x* € RV of

f(x) == Z milys —xi)® + Z Ay [xi =]

ieVv {i,j}€E



Applications

e Denoising

e Segmentation

e Clustering/Grouping
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Fused Lasso On Trees

“However, dynamic programming on a tree is

(a) much more complex than dynamic pro-
gramming on a chain (since it relies on so-
phisticated data structures), and

(b) noticeably slower in practice than dy-
namic programming over a chain, especially
for large problem sizes.”

[Padilla, Sharpnack & Scott (2017)]



1. Exact Algorithm
2. Approximation Scheme

3. Experiments



Min-Convolution

A>0
h(x) := ming(z) + Alz — x|
z

Lemma (Johnson 2013)
g convex diff'able =

h convex, diff’able:

h(x) = clip*} [g/(x)]




Min-Convolution

A>0

h(x) := mzin g(z) + Az —x|

Lemma (Johnson 2013) T NN p
g convex diffable = :

h convex, diff'able: b

h'(x) = clip™} [9'(x)] ps

Furthermore
z* = clip?(x) with
[a,b] == (g") "L ([-A A])
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fi : R — R: optimize over subtree T;
fi(x) minimal objective with x; = x fixed.
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Idea: Decompose into subproblems
G fi : R — R: optimize over subtree T;
a o fi(x) minimal objective with x; = x fixed.

f1(x) = (x —y1)? + min Z (Ajlx = x3] + fj(x;)
j€{246}

()—X_y1+ Z C|Ip }\ j )]

je{2,4,6}
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Idea: Decompose into subproblems
fi : R — R: optimize over subtree T;
fi(x) minimal objective with x; = x fixed.

. A
o) =x—yi+ D clip’y (f(x))
jeKids(i)

f(x*) = fr(x})
Goal: Find x* with f/(x*) =0

Backtrace x} < c|ip2§ (X))



Exact Algorithm



Piecewise Linear Function (PWL)

. A
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Piecewise Linear Function (PWL)

. A
o) =x—yi+ Y  cip’} (f(x)
jeKids(i)

fj’ is piece-wise linear (PWL)
AG o x> x—y is PWL

§ « sum of PWL is PWL

clip of PWL is PWL

Store change-points (knots):

e position Xy

o Aslope,

e Aintercept,

Operations: EXTRAC-MIN(q) e EXTRACT-MAX(q) e MERGE(q1,q2) 8



Algorithm Cuip?t

Input : Queue q, Slope s, Intercept t, Target t,
Output: Position % (modified q )

while not EmPTY(q) and (s - g.min_x +t < to) do
knot < EXTRACT-MIN(q)

N =

3 s < s + knot.As
4 t < t + knot.At
5|/ «+ (to —t)/s

6 [INSERT(q, knot: Aslope s, Aintercept t, position &)




Algorithm Cuip?t

Input : Queue q, Slope s, Intercept t, Target t,
Output: Position % (modified q )

while not EmPTY(q) and (s - g.min_x +t < to) do
knot < EXTRACT-MIN(q)

N =

3 s < s + knot.As
4 t < t + knot.At
5|/ «+ (to —t)/s

6 [INSERT(q, knot: Aslope s, Aintercept t, position &)

CLip) analogue



Algorithm TREEOPT

-

N

»~ W

(4]

o

~N

o ©®

Input : Signaly € R™, Weights © >0, A > 0, Tree T: 7, Root r
Output: Minimizer x* € R™.

Initialize empty queues f/ for eachic V
Compute Ay = 3 cyias(i) Ai foreach i e v

for each node i in POST-ORDER(T) do
ai = CLP 1 (], i, —kiyi — Ai, —Aq)
bi « CUP | (f], ui, —Hiyi + Ai, +Aq)

f( <—f’ Uf’

xy < CLIP T (fr, e, —HrYr + i\r: O)

for each node i in PRE-ORDER(T) do
L X clipdix ;)

[Kolmogorov et al. (2016)]
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Runtime TREEOPT [Kolmogorov et al. (2016)]

Theorem (Tree Fused Lasso)
x* is computable in O(nlogn)

Proof sketch.
e 2n knots are created
e Fibonacci Heaps for queues f!

O

m
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Runtime TREEOPT

Theorem (Tree Fused Lasso) Observation (Experiments)
x* is computable in O(nlogn) Queues contain few elements
Proof sketch.

e 2n knots are created

e Fibonacci Heaps for queues f! G

O ()
()

0:(1:(3)((2:(5):2)(4)(6)):1):0

~> sorted array(s)



Approximation Scheme



Idea: Sample f!

. FA;
by = f{(X) =X—Yi+ Z Chpt)\; (f]/(X))
jeKids(i)

f; convex =
f{ mon. increasing
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Idea: Sample f!

A
b :=fl(x) =x—yi + E cllpt)\; (fjl(x))
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At Assume edge i is clipped
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Idea: Sample f!

A
b :=fl(x) =x—yi + E cllpt)\; (fj/(x))
jeKids(i)

At Assume edge i is clipped

R /”_ di <=M bi = +A
= X 2X = x{<X

fi convex =
f/ mon. increasing
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Idea: Sample f!

A
b :=fl(x) =x—yi + E cllpt)\; (f,'/(x))
jeKids(i)

At Assume edge i is clipped

= xI>x = x{<X

A .
R If edge i not clipped
o Overtake parent’s value 7t(i)
fi convex =
f/ mon. increasing ~ Binary Search

12



Algorithm TREEAPX

Input : Probes x; € I;, Bounds I; = [a, bi] forie V; Tree T

Output: Improved bounds [d;, bi] C [aj, byl

-

for each node i in POST-ORDER(T) do
. A;
2 $i  wilxi —Yi) + 2jekids (i) CI'PiA; [5]

for each node i in PRE-ORDER(T) do
if i < —A; then
‘ [a;, bi] « [xi, bl
else if ¢; > +A; then
‘ [ai, bi] + [ai, xi]
else

t a1, 53]  [ap(i), bre(iy)]

v 0O N O U W
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Runtime: TreeApx

Theorem
In time O(n log, 1/8) TREEAPX
computes x with ||x* — x|, <

Fixed precision 5 (e.g. float32)
~ linear runtime.
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Runtime: TreeApx

(9)
Theorem e c
In time O(n log, 1/65) TREEAPX a é e

computes x with ||x* — x|, <

Fixed precision 5 (e.g. float32)
~ linear runtime.

01 2 3 45 6

BFS® [5]2[4]6[3]1]0]




Runtime: TreeApx ~ Relabel Tree

Theorem a e
In time O(n log, 1/6) TREEAPX a é\ca
computes x with ||x* — x|, <

Fixed precision 5 (e.g. float32)
~ linear runtime.
01 2 3 45 6
BFS® |0]1]2]3[4]5]6]
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Experiments



Fused Lasso Tree Instances

Name n=1V| leaf mean deg,

BINARY 100000000 50.0% 3.00=£0
EUROPE 50912018 11.3% 2.13+0.37
HIGHDEG/LOWDEG 50000000 37.2% 2.59471.32
COM-ORKUT 3072441 48.6% 2.94+3.31
PHANTOM 1000000 33.6% 2.50+0.64
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Fused Lasso Tree Instances

Name n=1V| leaf mean deg,

BINARY 100000000 50.0% 3.004+0
EUROPE 50912018 11.3% 2.134+0.37
HIGHDEG/LOWDEG 50000000 37.2% 2.59+71.32
COM-ORKUT 3072441 48.6% 2.94+3.31
PHANTOM 1000000 33.6% 2.50+0.64

e Sample 10 random spanning trees
e yi ~N(0,1) forallie Vv

e A €{0.01,0.1,1}

e 5=2"20~10"°
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Results: EUROPE degy, ~ 2.13 +0.37 n=>50912018

TREEOPT [ [ TREEAPX

time per node [ns]

0.01 0.1 1.0
A 16



Results: HIGHDEG/LOWDEG deg, ~ 2.59 & 71.32 n = 50000000

TREEOPT [ [ TREEAPX

time per node [ns]

0.01 0.1 1.0
A 17



Results: PHANTOM deg, ~ 2.50 £+ 0.64 n = 1000000

TREEOPT [ [ TREEAPX

w
o
o

time per node [ns]

N
o
o
1
1

0.01 0.1 1.0



TreeOpt Exact Dynamic Programming

e O(nqlogq)
e Sophisticated data structures not needed
e Memory layout is important

TreeApx Approximation Scheme
e O(nlogl/d)
e Simple Gradient Descent
o Better for high degrees

19



TreeOpt Exact Dynamic Programming

e O(nqlogq)
e Sophisticated data structures not needed
e Memory layout is important

TreeApx Approximation Scheme
e O(nlogl/d)
e Simple Gradient Descent
o Better for high degrees

Asymptotically fast does not mean fast in practice:
e 510 20" times slower than on Lines
e Depends on degree distribution

19
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Appendix



Experiments: Line Graphs

—e— las
—=— condat

25 —e—glmgen

20|

Time per Node [ns]

Ll [T B R RTT] RNl Ll L1l
104 10> 10® 10" 108
Number of Nodes n




2
min ¢ () := > (Ui > “ij)

iev j:ijeE
s.t. Jael <Ae VecE

e Paramatrized st-MinCut problem
e ADMM: Decompose into subgraphs



Results: BINARY degy ~ 3.00 £ 0

time per node [ns]

TREEOPT [ [ TREEAPX

0.01 0.1 1.0



Results: cOM-ORKUT deg, ~ 2.50 + 0.64 n =3072441

TREEOPT [ [ TREEAPX

time per node [ns]
N
o
o

0.01 0.1 1.0



Application: Magnetic Resonance Imaging (MRI)




Application: Magnetic Resonance Imaging (MRI)
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Application: Differentially Methylated Regions (DMR)
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